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PRZFACZ
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TEACHER'S COMMENTARY

This pamphlet includes commentaries on the SMSG

pamphlets FUnctions and Circular Ftnctions. In addition

to comments on the various sections, there are included

solutions to all exercises and a set of illustrative

test questions for each pamphlet.
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FUNCTIONS

1. Sets.

It should be emphasized that we are not teaching "set theory" here. We

are only concerned with the basic intuitive concepts of a set and the language

used in talking about sets.

Answers to Ekereises 1

In all of the following answers, litters, symbols, and names of people or

objects, as well as their sectuence, may be different without making the answers

incorrect. It is not necessary always to name a set by means of a capital let-

ter.

1. (a) V (a, e, i, o, u) or V * (*: * is a vowel)

(b) P a (2, 3, 5, 7, 11, 13, 17, 19)

* (p: p is a prime number less than 20)

For technical reasons, 1 is not considered a prime number. For

example, its inclusion would raise a difficulty in the unique factor-

ization theorem.

(c) R * ((insert names of people living in your house))

* (a: a is a person who lives in my house)

(d) T a (3, 9, 15, 21)

* (n: n is an odd multiple of 3 and n < 21)

(e) N * (17, 26, 35, 44, 53, 62, 71, 80)

(x: x is a two-digit integer, the sum of whose digits is 8)

Note: 08 is not considered a two.digit number in our system.

2. 1.4.) S * (s: s is a student in our school)

(b) M. t#: # 7)

(c) P * (p: p 6- ,.:rson in our community who found a ten-dollar bill

yesterday)

Note that P may be the empty (ur null) set with no elements.

(d) B * (b: b is a book in our school library)

(e) F * (f: f is a rational number between 2 and 3)

Here are three types of sets which are not tabulated.

(a) and (d) represent extensive and lengthy lists which are available

somewhere as completely tabulated sets but usually not duplicated.

(b) and (e) represent examples of sets which contain an endless number of

lements and thus defy listing.
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(c) represents a condition frequently found in mathematics, vhere even

though the description is clear and well defined it still requires a great

deal of vork or ingenuity to find the elements.

3. (a) A (a: a is a positive even integer less than 12) or

(a: a is an even natural nulber less than or equal to 10)

(b) B m (b: b is an integer whose square is less than 10) or

(b: b is an integer and -3 < b < 3)

(c) C (c: c is the square of 1, 2, 3, 4, or 5) or

(c: c in the square of an integer and 0 <a < 26) or

(c2: c is an integer and 1 < c < 5)

(d) D = (d: d = 2 3ny n is an integer, and 0 < n <5) or

(d: d Is a number of the fora 3n - 1, and n m 1, 2, 3, li, 5,

or 6) or

(d: d is a term in an arithmetic sequence whose first term is

2, whose common difference is 3, and whose last term is 17)

(e) E m (e: e is a permutation of the digits 1, 2, and 3) or

(abc: abc is a permutation of 123) or

fen e is a three-digit integer formed from the digits 1, 2,

and 3 without repetition)

2. Definition of Function.

A function can be defined in a variety of ways. The definition we have

given was selected because it emphasizes the modern point of view of a fUnction

as a mapping, a point of view which is a particularly usefUl one in describing

the composition of functions and inverse fUnctions. Another common contempo-

rary practice is to define a fUnction as a set of ordered pairs in which no two

distinct pairs have the same first component; this definition is a particularly

convenient one in dealing with graphs. This point of view is described in

Section 9.

You should be very carefUl at this stage to insist upon the proper use of

functional notation and how to read it. If ye write

f: x y

then we read,

"The fUnction f that takes (or maps) x into y."

If we vrite y m f(x), we read

"y is the value of f at x."

The student Should not be permitted to say that y m f(x) is a ftnetion. This

is a common 'error of usage. Nisny mathematicians still use y = f(x) ellipti-

2
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Way, but being smthemsticians, they understand what they are doing. High

sehool students, however, are apt to be very.confnsed by this, and we wish to

do everything we ean to be clear About the matter. Thus, y 3 - x is not a

°linear fUnction° although it may be used to define one over the real nuMbers,,

i.e.,

f: x-03 - x.

In explaining the fUnction concept, you will probably wish to make use of

a variety of techniques. The representation as a machine is one. Another

approach might be to suggest a fhnction from a domain consisting of the stu.

dents in the class to a range consisting of the seats in the class and then ask

for restrictions ea the assignment so that it represents a function. Pi=

instnnce, two different seats could not be assigned to the same student; at

least one seat would have to be assigned to each student, etc. Or again,

inquire into the possibility of defining a function from the set of students to

the set of their weights. Such examples are easy to devise and provide a meams

of focuaing attention on the essential properties of a function. Also, it is

usefUl for the student to be aware of the fact that the domain and range of a
function need 14G; be numerical. Many times it is usefUl to consider a function

fram the real numbers, say, to a set of points in a plane or vice versa. (See,

for examplc, the SKSO pamphlet Circular FUnctions.)

It is also helpfUl to use examples from the sciences. You might ask the

students What physicists mean when they say that the length of a metal bar is

a function of the temperature of the bar, or that the pressure of a gas at a

given temperature is a fUnction of the volume it occupies. Mike sure in each

case that the students arrive at a function from the real numbers to the real

nuMbers.

When introducing the idea of a function as a mapping, you Should emphasize

the point that there cannot be more than one arrow from each element of the

domain, while there can be any nuMber of ...crows to each element of the range.

If there is Just one arrow to each element in the range, then the function is

said to be one-to-one and, as will be seen later, has an inverse.

The concepts of domain and range should be emphasized. It should be mede

clear that in order to define a function, we must have a domain. (It will

;rove valuable to the students if, from time to time after you have completed

the unit, you stop and ask for the domain and range of whatever fUnction you

may be considering at the time.)

3
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Answers to ftercises 2

1, do because it is multiple valued

2. (a)

3. Domain Range

(a) R

(b) B non-negative R

(c) non-negative R non-negative R

(d)

(e)
R except x = 1

R except x 2 or -2

R except f(x) m 1

R except < f(x) < 0

TO find the range in (d), set
- 1

and solve for x: x

This shows that y 1.

Do not discuss (e) at length. Simply show graph to look like this:

Ly

--Y--
y 16

4 n



If you test to find values of x for
c

equal to nuabers between
m- 4

and 0, you will obtain imaginary values.

4. (a) f(0) = 1

(b) f(-1) = -1

5. (a) f(0) m 3

(b) f(-1) = 6

6. (a) f(4)

(b) f(-5) As 3

(c) f(5) * 3

(o) f(100) = 201

(d) r(i) . 4

(c) f(a) a2 2a + 3

(d) f(x - 1) x2 - 4x 6

(d) f(a) 4277-76-

(e) f(a - 1) = 42 - 2a - 15

(f) f(x) = 47-7;

7. D a (1, 2, 3, 4) R a (21 4, 6, 8)

8. They are not the ,ame function, since g does not iuL Ae 0 in its

domain.

9. (a) 4,-4 (b) 8 (c) 12,-12

3. The Graph of a FUnction.

The graph is perhaps the clearest means of displaying most functions since

the story is all there at once. The student can observe the behavior of f

for the various portions of the domain, and, in most cases, irregularities are

obvious immediately. The difficulty is, of course, that the graphs of some

fumetions 4o not reveal the whole story, as, for example,

if x rational,
f: x-*

0 if x irrational.

Since high rchool students are not normally exposed to such functions, however,

this is not a very serious obstacle.

The graph might best be introduced by using some function whose behavior

5
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is not too obvious. You may, for example, 14,h to use the "greatest integer

contained in" fUnction, which is easily explained and leads to some interesting

configurationx. 114 define

f: xuP [x]

as the fUnction which maps -x into the greatest integer contained in x. Thus

1(1) in 1, f(i) 1, f() .1 0, fl-i0 m -2, etc.

The grAph of the equation y (x] is in Figure TC. 1. There are a nuMber

of interesting combinations which can be formed with 4].

Figures TC. 2 to TC. 4 illustrate three of them.

414343334,

$3,333

f: 21-of

Figure TC. 1

4

f:%:-4(-1)pq

Figure TC. 3

Figure TC. 2

-4

Figure PC. L.

FUrthermore, an infinite checkerboard pattern in given by

ax,y): (x] is even and (yr] is even).

You may also find it helpfUl to sketch on the blackboard some figures

similar to those in Figure 12 and to have the students determine whether or not

they represent functions by Applying the vertical line test. Problem 2 on

Page 9 is also a usefUl type of blackboard exercise, and you will probably

find it helpful to do one as an illustration before the students attempt to do

Eiercises 2 themselves.

6 1 2
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You may want to point out that most of the graphs in the text are incom-
plete.

Ansvere to Exercises

. (a) and (a)

2. (a)

3. (a)

4. (a)

(a)

(a)

(a)

7

(e)

Cc)
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4. Constant YUnctions tal Linear FUnctions.

Although the ideas of this section should be familiar to the

is unlikely that he will have encountered th,n in the language of

section will, therefore, give a review of important material

same time, valuable practice in the use of Illnctional notation.

1. (a) slope 3

(b) slope . -2

2. (a) f: x--0 -2x + 6

(b) f: x--1. -2x - 7

Answers to EXercises 4

1
slope -

4
slope

f(x) = -2x + 7

f(x) a -2x +

3. (a) s_ope1
- 4.1_0. -7 (c) slope = =2.717=51 = 2

(b) 3slope =
1 - 2

. 6 (d) slope .
1 -

4. (a) f(x) = 3x - 2

(b) f(x) = -2x - 10

5. (e)

(b)

6. (a) f(3) st 5

f: x- -3x + 7

f: x-0 -3x - 3

(a) not a function

(d) f: x-e 4

(a) f(x) N, -3x 4- 8

(d) f(x) = -3x - 13

(b) f(3) = -3 (c) f(3)

7. Yes. The slope of the line through P and Q iu -21 and

the line through P and S is -2. Wo lines through the

having the same slope coincide%

8. (a) (100.1 - 100)(20!

f(100.1) n 26.4

(b) .3(14) 4' 25 n 4.2 25 29.2

f(100.3) mg 29.2

(c) f(101.7) 48.8

(d) f(99.7) = 20.8

9. (a) f(53.3) - -44(.3) + 25 . 11.8

(b) f(53.8) a -10.2

(c) f(54.4) - -36.6

(d) f(52.6)

8

.1(14) + 25 . 26.4

i,f

student, it

mapping.

and, at the

the slope of

same point
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1

10. 2x + 7y + 1 0

x . 4 + 6 . 0

i 2x + 7y + 1 a 0

12x - Liy + 16 . 0

x - 3y + 4 . 0

slope
.5

y + b

11 '3 11

2--21
33

x
Y 33

or

llx - 33y + 103 a 0

111. Ste slopes of the lines AB and CD are 'Zy and the,slopes of the lines

AD and BC are Since the opposite sides are parallel (have the

same slope), ABCD is a parallelogram.

12. (a) c(408) (b) c( -11)

13 . f: x-+ 2x - 1

f(t + 1) a 2(t + 1) - 1 = 2t + 1

.%1,1(t + 1, 2t + 1) is on the graph of f.

14. f(0) f(t - 1) when t a 1. Then f(0) a 3.1 + 1

f(8) f(t - 1) when t = 9. Then f(8) = 3.9 + 1 . 28.

15. r(o) f(t - 1) when t = 1. Then f(0) a 12 + 1 2.

f(8) = f(t - 1) when t a 9. Then f(8) = 92 + 1 = 82.

16. f(xl) a mxi + b, f(x2) mx2 + b..

f(xl) - f(x2) a mx, + b (mx2 b)

mx TLX
21

m(x
1

- x
2
).

Since m < 0 and xl < x2 or xl -
2

< 0, x
2
) > 0.

- f(x2) > 0 or f(x1) > f(x2).

5. The Absolute-Value Ptinction.

There are many reasons for studying this function. It is simple but

interesting and usefUl, and most high sdhool students axe unfamiliar with it.

It is an important tooI in many proofs and is used extensively in more advanced

mathematics.

The definition Ix! a 47 is an example of the composition of functions,

considerea at greater length in the next section; in this case, if f: xyx

9

FOrst.$
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and s: x- icy then the absolute-value function is the compound function gf.

You may want to mention this, informally, in anticipation of Section 6.

You may have to gpend a little time on the definition of the square-root

syMbol, I. The definition is, of course, to a considerable extent arbitrark,

but it must be unakbiguous if it is to be useful. It would be a great incon-

venience if 1/3, for example, represented a number which might be either posi-

tive or negative, and, to avoid this inconvenience, we agree that it is posi-

tive. We can then represent the negative number Whose square is 3, without

ambiguity, as -15. Because, for example, 42 6, students find it tempting

to write 42 x. This is, of course, false if x < 0. The only correct

statement that can be made here is, in fact, the second definition' of absolute

value; EXercise 1 is designed to reinforce this.

It is convenient, in mazy applications, to think of lx1 as the (undi-

rected) distance on the number line between the origin and the point x. Simi-

larly, lx - al (or la - xl) is the distance between the point x and the

point a. This concept is particularly convenient in problems like Eiercises

3 and 4; thus, for example, the values of x which satisfy Ix - 51 < 2 are

thase values Which axe less than 2 units from 5, namely, all those from 3

to 7. Inequalities such as these appear fairly often in the calculus.

Ekercises 1-8 are intended to give the pupil an understanding of the mean-

ing of absolute value and some facility in manipulating it. Ekercises 9-11 are

in anticipation of fUrther work on inequalities.

Answers to EXercises 2

(b) x < 0. These follow directly fram the

definition of the square-root symbol, 1.
2. (a) x - 1 0 or x 1 (b) x 1 < 0 or x < 1

(c) (d)

3

3. (a)

2

The points on the nuMber line 14 units fram 0 are 14 and -14.

A more formal (and longer) way to arrive at the same result is to

note that either x 0, in which case 1x1 = x and the given equa-

tion then reads x = 14, or x < 0, in which case 1x1 = -x and the

equation reads x = 14 or x = -14.

10



Still another approach:

lx1 = 42 = 14

x
2
= 196

x.= +14 (and both check).

(b) x 5 or -9. All three methods discussed under (a) apply here,

with x + 2 replacing x.

(c) Since the absolute value of a nuMber is never negative, it should be

clear by inspection that the equation has no roots.

4. (a) The problem asks for those points on the nuMber line WhiCh are within

1 unit of 2. These are the nuebers from 1 to 3, and the solu-

tion is therefore (x: 1 < x < 3). It is a common practice mere14r

to give the doUble inequality which defines this set, and state the

solution as 1 < < 3.

(a) Here we must find those points l!hich are more than 2 units from 5;

hence (x: x < 3 or x >7).

(c) (x: -4.2 < x < -3.8)0 as in (a). Nbte that Ix + 41 . Ix -

is the distance between x and -4.

(d) By Theorem 1, I2x 31 = 2Ix 1.51; hence, the given inequality

becomes

2Ix 1.51 < 0.04

Ix - 1.51 < 0.02,

and the solution, as in (a), is (x: 1.48 < x < 1.52).

(e) (x: -1.28 < x < -1.22), as in (d).

5. If x > 0, then Ix! = x and x. ixi
2

x lx1 x(-x) = -x2 < , < x .

x2; if X < Op then

6. In Theorem 2, replace b by -b; since 1-b1 1bl, the desired result

follows immediately.

If a >b, then la - bl = a - b and the given expression becomes

1(a + b + a - b) = a.
2

If a < b, then a - bI = + b and the given expression beccoes

1(a + b - a + b) = b.

The lesser of a and b is given by + b - a - bI). Trial is as

good a way as any to get this.

If x < 0, then 1x1 = -x - 21 = -x + 2, and y = -2x + 2.

If 0 < x < 2, then Ix1 = x, Ix - 21 = -x + 2, and y 2.

If x > 2, then lx1 x, Ix - 21 = x 20 and y = 2x - 2.



Mance ve get

9. lx2 + 2x1 < 1x21 + 12x1 by Taeorem 2

t 2 1 1

< Ix I 21x1 by Theorem 1

< 1x1 + 21x1 31x1 by the inequality given in the Exercise.

10. Multiplying both sides of x < k by the positive nuMber x gives

x
2
< kx. Then, proceeding as in Ekercise 90 we get

1x2 3x1 1x21 1.3x1 Ix21 1 1+ 31x' < 0.11x1 + 31x1 = 3.11x1 if

lx1 < 0.1.

11. lx1 < 0.001, or -0.001 < x < 0.001. This result can be established as

in Ekercise 10.

Answers to Exercises 6

1. (a) -1 (d) 63 (f) x
2

+ 1

(b) 1 (e) x2 + 4x + 3 (g) x + 5

(0) 5

2. (a) :sex + ad + b (b) acx + cb + d

(d) Theorem: The slope of either composite of two linear functions is

equal to the product of the slopes of the two linear functions.

3. (a) 1, -3, 8

(b) If f: x-4--, then ff: x for all x i 0.

I. (a) fj: x-0 x + 2 jf: x--Px + 2

(b) g: x 2

(c) h: x -4. x - 2

5. (a) (ft)(x) . x6 and (gf)(x) x6

(b) (4)(x) (gf)(x) = 2111

12 1 8



(a) (f. g)(x) x5

7. (a) (f 6)(x) A x2

(b) ((f g)h)(x) =

(c) (fh)(x) = x2 + 2

- x - 6
Lê

x x
2

(b) (f g)(x) A xm471

(d) (gh)(x) m x2 - 3

- 6 (e) ((lb) (eri)t(x)

W.,7-SACiX

x x
2
- 6

8. The result is true and can be proved as follows: Given three functions,

f: f(x), g: x g(x), and h: x'''.1a(x), we wish to show that

(f .g)h A (fh) (gb).

(It is assumed throughout that f, g, and h are being discussed for all

x in the intersection of their domains.)

By definition: (f. g)(x) = f(x) g(x)

hence ((f 6)19(x) = <f g)(h(x)) f(h( ): g(h(x))

((fh) (gh))(x).

9. The theorem is false, az the following counter-example shows:

Take for both g and h the identity function x-0 x and for f the

Itnction x x + 1. Then (g h)(x) = x2 and (f( g h)) ( x ) = x2 + 1,

but (fg)(x) (fh)(x) x +1, and therefore ((fg) (fh))(x)

(x + 1)2 fi x2 + 1.

10. (f + g)h = fh + gh, since (f + g)(x) = f(x) + g(x)2 and if x is

replaced by h(x)', we obtain (f + g)(h(x)) = fe(q(x)) + g(h(x)). But

f(g + h) fg + fh; this can be shown using az counter-example the func-

tions suggested under Exercise 9.

11. Take f(x) mix + bi, g(x) = m2x + b2, h(x) = m3x + b3.

Then (gh)(x) = g(h(x)) = m2(m3x + b3) + b2 = m2m3x + m13 + b21

and (f(ch))(x) = 4g21)(x)) = m1(m2m3x + m2b3 + b2) + bi

= mim2m3x + mim2b3 + m1b2 + 1)1.

(fg)(x) f(g(x)) = m1(m2x + b2) + bi

mlm2" m1b2 bi
and ((fg)h)(x) fg)(h(x)) = mim2(m3x + b3) + m1b2 + bi

m1m2m3x m1m2b3 m1b2 bl

Since this result is valid for all x E R, it follows that

(fg)h = f(gh).

13
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It Is frequently helpttl in conveying the idea of an inverse to consider

fUnctions with a finite -domain. Thus, let f: x-yy be described by the

table

x ! 1

y 2
1

which we may represent on a graph as dots.

Domain of f (1, 3, 4)

Bange of f u (2, 5: 3)

-1
f undoes what f does. Thus, if f

right back to 1. Hence, thm domain of f
-1

is the range of f, (2) 5, 3),
-1

and the range of f is the domain of f. We may write the table for f

sends 1 into 2, f
-1

sends 2

as

2 5 3

1 3 14.

-1
pictured on the above graph as circles. Note the symmetry of f and f

with respect to the graph of y x.

When the expression on the right side of the arrow is simple, f
-1

may be
-.

easily obtained from f. Thus, if f: x-« 3x - 2, then f
1

.

x + 2
f

3

corresponds to the instructions "multiply by 3 and then subtract 2." TO

"undo" this and obtain f 1, we add 2 and then divide by 3. This is all

well and good for simple :Unctions. However, thiscapproach no longer works if

x + 1
f:

If we write f: x-ey where y -----
,
when we seek f we want to

x + 2

find the value of x that is associated with a particular y. Hence, we solve

x + 1
y 747.71 for xl obtaining x We then usually wTite

-le 2x 1
f . using x in place of y.

We could Check this result quickly by taking a specific value for x,

,siky x u Op and seeing whether el undoes what f does. Thus,

11e

2



.:,s 2

+ 1 1 1 -111 0 Is or f(0) = - f ihould send back to O. Let us see2

2 1 - 1if it does. f /: = 0 ,and it does. in general we have

(elf)(x)

1

2 2

iffool ,p-lfx +

i A + 21t.

Moreover, (fel)(x)

1

1

x + - Cx + 2i
+ 1 + x + 2

-
-x - 1 + x + 2 1

(f-1( x)) 11)
or

2x - 1
)00 -x + 1-1 2x - 1 + (-x + 1) x

1 2x . 1 2x - 1 + 2(-x + 1)
m

1
m x

-317-7-1 + 2

In general, if f: x- y m f(x), then solve the equation y = f(x) for

x in terms of y. This enables us to associate with a given y its x-partner
-1

and thus reveals the inverse, f . Of course, if f does not have an inverse,

the expression obtained for x in terms of y will reveal this.

1. (a) x-ox + 7

Answers to Ekercises /

1(b) x --0 (c) x --
7

2. (&) x = y + 7 compared with x-Px 7

(b) x compered with x x
5

(e) X a compered with x-*

3. Let the nuaber be x; then the various instructions given can be repre-

sented by the functions f to f
7P

as follows:

x - 5x

f
2:

x + 6

f3: x 4x

f
4:

x x + 9

45: "P5x
f
6

: x-ex - 165

f7: x
100

15t f)



. . 3 :3, 3: ,

AA, = - - _

Then f7f6
x_e.,(4.(5x + 6) + 91 .

100

Answers to Ekercises 8

1.
+ 5

(a) x^wox ---r'' (b) x-tx 3 8 ( ) x

2. (a) x Y 5 (a)

3. S4ppose the digits are x and y$ and we pick x. Then we define:

f5f4f3f2f1: x-0 2(5x + 7) + y - 14 10x

a number with tens digit x and units digit y.

4. A function which has an inverse.

5. If xl x21 then either xl < x21 in which case f(x1) > f(x2 ), or

xl > x21 in which case f(x1) < f(x2). In either case, xl / x2 implies

f(xl) f(x2); hence f is one-to-one and has an inverse by Theorem L.

6. (a) f(1) b. 1 f(-1) suffices to snow

,..*,71t.t7;tstat,2

rt

that f is not one-to-one and

therefore does not have an inverse.

2

f(x)

111111.11.1111111111REIN
11111111=111111/1111Milli MENEM
IMMURE MUM=
=MEOW/MN
11111111111111111/1111110
EMMINIIFIEN111
REMIMI111111111
IMENNOIFMERIII
IIEVVIGURNNYINI
111111111MMEIM
1111111.11111111MER

9



(a) 1'11: x.44

f
2

(e) The domain of f is the union

of the domains of f and f
2

.

1

7. (a) f(1) f(-1) suffices to

show that f is not one-to-one

and therefore does not have an

inverse.

(b) For eNamples f x 40 - x2,
amd

f
2

: x -0 477
f1 : x--ox - 4x, x > 2, and f2:

9. All x- x3 - 3x, with domains (x:

(X! x 1).

EREER MI=
MEM IIESEME
11111111111 WM=
EWE= INIMMEN
EEMEN MENEM
IMMERIENIVIEEEWE= NM=
INEEEMI EWAN=
EIMMINEWAVIIIE
ME= KAMEN
rtIFIEIGEBVIEV

IMMININ MEM
ERVEN RIBEENMINN MINE.
EMINEll MENNE
ERIVIR ERE=

EIREEE
IMINVE NEE=
MEM INIENEMEM ERE=
MTV ESESIFT

0 < x 2,

-2 < x < 0.

x < 2.

x < -1), (x: -1 < x < 1), and



.3

kb

einswers ftercises 2

1. at,, t (2,5), (5,14)) (c) ((x12): x an integer)

(b) ((x,x3): x c R) (d) ((x,x): x R)

2. (a) f: 0- 1, 2.3, 4-* 5, or f: x-* x + 1, x (0, 2, 4)

(a) f: x-.01/3 x a positive real number

(e) f: x-* -1, x R

(d) f: 0- -1-04,5..4

3. (a), (c)0 and (d) do; (b) does not since both (2,3) and (2,5) are in

the set.

4. (c) and (d) do; (a) does not since (5,1) and (6,1) are both in the

set. The inverse of (c) is ((1,-1), (-2,3), (0,0)); the inverse of (d)

is ((2,-1)).

5. (a) ((1,0), (3,2), (5,4))

(b) ((x,x2): x a positive real number)

(c) Does not have an inverse since, for example, 1-0-1 and also 2-0-1.

(d) ((-2,0), (4,-1)1 (1515))

Answers to Miscellaneous Ekercises

1. If we write g as ((x,g(x)): x domain of g) and

f ((xlf(x)): x c domain of f = range of is), then

fg ((x,fg(x)): x c range of g).

2. (a) functiorin (d) not a fUnction

(b) function (e) not a fUnction

(c) function with inverse (f) fUnction

3. f: x- 2 or y = 2.

4. When a=b=0 and ce R.

5. The poInt of intersection is (1,-1)
5 5 I

7so f: x -*--
5

6. The point of intersection is
lb - 4 ab - 201

---vided a i 5. If%a 5, 5 /I

a = 5, they will be parallel, or if also b = 4, they will coincide.

7. f
1

: x-ox + 3 and f
2

: x-0 -x - 3.

8. 10x .0y- 7=0 or y. 7 - 10x and m= -10. This means for each unit

increese in x; y decreases by 10. If x increases from 500 to 505,

y decreases 50. If y decreases from -500 to -5050 x increases

.5 or 7.

18
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9. Slope of lime 1 2 and line is y
3

10. Pant of intersection is (0,k), so lin* is y ix + k.

11. 6x 4. - 7 . 0

Lines are parallel and .3. of a unit apart on the y-axis. Half of this
3

distance is so the line is y - 2x.

12. x + 3 i y m -221 Slope m

Slope of is -2. So line is y

13. y f
1
(t) . t - 10 when t is in minutes.

y . f2(t) . 60(t - when t is in hours. Domain of t for f
1

itS

(t: t > 10 and t is a natural number); for f2 it is

(t: t >ilo- and n > 10 and n is a natural number).

14. (a) AC: Y at 2"X

il
12

(c) Intersection is point (613-i)
(b) HD: y . 14 - x

15. (a) AC: y - Y2x

.
x
2

-

ix2 y2,
x2 (c) Intersection is point

(b) BD: y
2x

1
(x

Y2

16. (f(gh))(x) a I' (g(h(x)i) f (g(c)) . f(b) . a,

(f(hg))(x) . f(h(g(x))) . f(h(b). f(c) . a.

But gh: x*.b and hg: x-4, c, so these two are different unless b . c.

17.
,-1

:

x b
m

18. Any constant function xc, or the identity function x-x, or the

absolute-value fUnction

19. (a)

x -0 x I .

19



.7` 14,t-;

(b) Note that neither absolute value can exceed 1; hence x is limited

to (x: -1 < x < 1) and y is similarly restricted.

(c)

20. (fg)(x) m 2(3x + k) - 5 = 6x + 2k - 5

(e)(x) mi 3(2x - 5) + k 6x - 15 + k

6x + 2k - 5 . 6x - 15 + k

k m -10

21. Domain Range

(y: y > 0)

(x: ixl < 4) (y: 0 < y < 4)

The intersection of the range of f and the domain of g is

(y1 0 < y < 4). The elements of this set are the images, under the

mapping f, of (x: Ix! < 2), which is therefore the domain of gf.

The intersection af the range of g dnd the domain of f is the

range of g itielf; hence the domain of fg is the domain of g, that

is, (x: lxi

20 2;



Illustrative Test *tuitions

The following questions (with answers appended) have been included in

order to assist you in the preparation of tests and quizzes. The order of the

items is approximately the same as the order in which the various concepts being

tested appear in the text. This means that you can use selected problems from

this list before the chapter has been completed.

For a thort quiz) one or two problens from this list would be sufficient;

a full period (40 or 50 minutes) test might contain anywhere from five to

ten of the problems. It would be a mistake to give all the questions as a

chapter test unless at least two class periods were planned for it.

1. Given f: x-ex2
+ 2, find

(a) r(3); (0) f(6); (c) f(i).

2. Find the domain of f if it is the largest set of real numbers that f

maps into real numbers, and find also the corresponding range:

. (a) f:

x + 2
(b) f: x

x + 1

3. Uhich of these could be the graph of

a ft:action f: x y?

a function f: x?

( 2)

21
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4. Given the f4nction f: x-0114 aketdhed

at the right, aketch the graphs of the fol-

lowing functions:

(a) 6:

(b) h:

(c) k:

(d) st:

;.

. '16

5. Grallh the following fUnctions, indicating the

approyalate axes:

(a) f: x-4.1 + 1670 x > 1

(b) g: x- 1 + lx - 110 -1 < x < 2

6. Graph: lx1 + 21y1 gm 4.

7. Solve: (a) lx + 31 < 0.2;

(b) 12X - 51 < 0.1.

8. Find a linear fUnction f such that f(2) 3 and f(3) 2f(4).

9. If 4 linear function f has slope and if f(2) ir -3, iid f(7).

10. What is the slope of a linear function f if f(5) f(2) 4?

domain and range ot the

11. Find the linear fUnction whose graph passes through all points with

coordinates of the form ((t + 3)(t - 2), (t + 14)(t -3)).

12.

13.

14.

15.

Find the value of k

and (5,4)-

for which

Given f: x- 3x + 1 and g:

Given f: x-0. 2x + 1 and g:

Given f: x-P 3x + 5 and g:

for all x c R.

16. Write the following functions,

pairs:

(a) f: 1-4.2, -1 0

(b.) f: x-, 5x, x c

17. Write the following functions

(a) ((0,1), (3,-5), (2,7)3

(b) ((x, 2x - 1): x C R)

(1,2k) lies on the line through (3,-2)

x-ox
2
- 2, find the function fg - gf.

1, solve the equation (gf)(x)

x--e. 2x + k, find k if (gf)(x) (fg)(x)

defined as mappings, as sets of ordered

defined as sets of ordered pairs as mappings:

22 2,R



1. (s) II

2. (a) Domain:

(b) Domain:

3. (a) (1), (2)

4. (a)

Answers to Illustrative Test 9uestions,

(a) 38

(x: x > 1).

(x: x -1).

(c)

5. (a)

(c)

Range: (y: y 0).

Range: (y: y I).

(b) (2), (4)

(a)

(d)

23



6.

(b)

7.

8.

9.

10.

11.

(a) -3.2 < x < -2.8

X 'moo ...X + 5

f(7) =

4

x-ex - 6

(b)

12. k 11

13. fg - gf:
m6x2

6x - 4

14. x 0,

15. k

16. (a) ((1,2 ), ( ,0 (b)

17. (s) f: 1, 3 -. -5, 2 -. 7 (b)

2.4 < x < 2.55

((X,5X): X E R)

f: x-4. 2x - 1, x E R.

24
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CIRCULAR IUNCTIONS

Introduction.

The pamphlet is not a course in trigonometry in the solution-of-triangles

sense. It is expected that, normally, this aspect of trigonometry will have

been studied previous to the present chapter. (This is not unconditionally

necessary, however.)

EMphasis is placed on the periodic property of sin and cos. (A rela-

tively small part of the pamphlet is devoted to tan.) Extensive use is made

of the idea of rotating the plane about a perpendicular to it through the ori-

gin. This gives a certain unity to the discussion. Consistent with this

emphasis, we have derived the formulas for sin (x + y) and cos (x + y) in

terms of the simplest properties of rotation. We believe that this approach

is a natural one (no tricks!) and that the student will really understand

analytic trigonometry when he studies it in this way.

1. Circular Motions and Periodicity.

The emphasis throughout is on the periodic properties of the circular

functions, i.e., the sine and cosine. In beginning, you should emphasize that

we shall talk here about functions which dt,fer from those we have previously

studied in that they have ;he property of periodicity.

One good way to visualize a periodic fUnction is in terms of the machine

developed in the pamphlet FUnctions. If the function depicted by the machine

is periodic of period a, then when x, x + a, x + 2a, Of., X na are dropped

into the hopper, we obtain the same output, r(x), in each case. In the next

section we speak of laying rectangles containing one complete cycle of the

function end to end, and you may wish to use the idea here in order to illus-

trate further the meaning of periodicity.

The use of the uv- and xy-planes which we employ may be a source of diffi-

culty at first". We wish to talk about the unit circle with Which we define

sin and cos, but later we shall need to display the graphs of y sin x and

y..g cos x on an xy-plane. Since we are using x for arc length (to obtain

the famlliar sin x and cos A) it might be confusing to teach the student to

visualize x as both the horizontal axis on the plane of the unit circle and

at the same time a length of circular arc. We feel that if care is exercised

at the time the transition is made in Section 2, the use of u and v is more

satisfactory than trying to get x to wear two hats in this section.

A more exact way of defining sin and cos is by a composition of two

functions, one from the set of real numbers to the set of geometric points on



the unit circle and the other from the set of points on the circle to the set

of real nuibers. Thus, if x C R and if F if a point on the unit circle,

We have a fUnction

and another function

from which

f: x-

g: 12-.1. cos x

gf: x-4 cos x
tt,

and similarly for the sine. We feel, however, that the way in Which we have

handled it in the text, While possibly less rigorous, is certainly easier to

teach and is perfectly adequate for our purposes.

The fact that cos and sin are fUnetions from real nuMbers to real

numbers Should be emphasized. You might point out to the student that no$here

is this section have we used an angle and, although we have used the concept of

arc length,sine and cosine axe completely divorced from any geometric consider-

ations. They are functions on the set of real nuMbers in the same sense as

polynomials, say, or exponential functions. Too often when we speak of sin A,

the students feel that A must be an angle. Sometimes they think of A as

being the degree measure or radian measure of an angle, but the idea that A

need have no connection with an angle is usually very strange.

Exercises 1

The exercises lean on the notion of periodicity. The first five are not

difficult. We have starred Ekercises 6-9 since they require more insight than

the others, but if Problem 7a'is not aasigned as homework, it should be covered

in class, since this relationthip is used in Section 4.

Answers to Ekercises 1

1. The rotation af the earth about the sun every 365t days.

1
The phases of the moon; period is about 291 days.

The swinging of the pendulum of a clock; for a grandfather's clock, the

period is usually 2 seconds.

The oscillation of a piston in a steam engine or internal combustion

engine, period depends upon speed of engine.

'The alternation of A.C. electric current; for 60 cycle current, the
1

period is ra second.

3



2.

Oscillation of Thema tubes, vibrations of strings of musical instruments

(sound waves In general), etc.

(a) P( - 2S) = 0(154

(b) p(3s) = o(s + 2s) = p(s)

(c) P( P(ig - 2E) p(S)

(d) p(4076s) Es 10(0 + 2038 at) p(0)

J. (a) (0,-1) (c) (0,1)

(b) (-1,0) (d) (1,0)

4. (a) x = 11 11 (c) x = 0, 2X
2 2

(b) x = x 3x (d) x = x, 3x

5. (a) x ta (b) x =

*6. ,(a) sin 2x = sin (2x + 2n) from periodicity of sin

= sin 2(x + x), and the period is x.

(b) sin x sin (ix + 2n)
1

2

= sin 22(x + 4x), and the period is 4x.

(c) cos 4x = cos (4x + 2s)

= cos 4(x + p, and the period is S.

(d) cos x = cos (71.21L +
2

= cos i(x + and the period is 4x.

*7 (a) f(x) = f(x + a), g(x) = g(x + a). Given.

f(x) +.g(x) = f(x + a) + g(x + a). Addition Axiom.

(f + g)(x) (f + g)(x + a). By definition.

. .f + g is periodic with period a. By definition.

To show that a is not necessarily the fundamental period, you can

use, for example,

f: x ln sin x and g: x ln cos x,

each of which has period a. But

(f + g)(x) = ln sin x + ln cos x In (sin x cos x)

ln (t sin 2x)

and f + g therefore has fUndamental period x.

An even mole striking example is afforded by

f: x- sin x and g: x -sin x;

then f + g: x- 0 and has every real number as a period, but has

no fundamental pt!riod.

27



(b) f(X). g(x) m f(X + a) g(x a) Multiplication Axiom.

(f. g)(x) (f g)(a a) Definition.

g is periodic with period a., Definition.

An example in which a is not the fundamental period is

f: x- sin x and g; cos x

which yields
1f. g: x- sin x cos x -2- sin 2x

with fundamental period x.

*8. f(x) = f(x 4. a) Given.

g(x) g(x) if g is defined at x.

g(f(x)) = g(F(x + a)) Substitution.

(e)(x) (gr)(x a) Ay definition of gf.

. .gf is periodic with period a.

If a is a period of cos, it must be true that

cos (x + a) cos x

for all x c R. In particular, it must be true if x = 0 that

cos a cos 0 = 1.

BUt the only point on the unit circle with abscissa 1 is (1,0), which

corresponds to x 0 + 2nx.

The proof for sin is similar; use
x
2'

2. Graphs, of Sine and Cosine.

The rectangle device used here can be a very usefUl one in teaching the

student to graph periodic functions. Ay establishing the period and amplitude

visually, it directs his attention to a specific region of the plane with re-

spect to both the domain and range of the function.

We use the geometric argument to obtain specific values of the fUnctions,

because it is the simplest and most familiar tool available to the student. We

hope that you will emphasize the symmetric nature of the unit circle and that

the student will be eueuuraged to use considerations of symmetry whenever

possible.

Exercises 2

The exercises develop some simple symmetry properties of sin x and

cos x, and lead the student into understanding the effect of the constants

Ai Bp and C in y = A sin (11x + C).

28
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6.

1111111111111111111111111111111111111111111111111111111111111111.11

IIIIIIMIMIIIIIIKNIMIIIIIWMMMIWIMIIIIBP2111111111IgillMll

.11111111111PASIMIVAINVIIIIIIIIIMMIPM111111111/111111,
111111: WINN= .Faill11111111111M111111111.

*1 MINIM
11.111111W4111111111111M111111111111011111MWANIIIIMIIIIIIIPAIAUURUURUSUSUUURAUIIMUM

IIIIIIM11111011011MIMINIMIIIIIIrynos (x+ it) 1 y cos (n+

cos tx-

7. (a) The values of the ordinate are multiplied by k.

(b) The period of the graph is 1.
(e) The graph is ahifted to the left by the amount x k.

8. cos (x - - sin x

9. (a) P1 and P2 are symmetric with

respect to the origin.

P1 = p(x) = (u1v),

P2 = p(x n) = p(x + n)

= (-up-v).

Hence, cos x = -cos (x n)

- -cos (x + g),

and

sin x = -sin (x - sr)

= -sin (x + g).

a

(b) P and P
3

are symmetric with respect to the v-axis.

F
1
= p(x) = (u,v),

P
3
= p(-x - g) = p(-x + g) (-ulv

Hance, cos x = -cos (-x - g) = -cos (-x + n)

and sin x = sin (-x g) = sin (-x + .

3. AaEle, and Angle, *asure.

This is probably review material for most students at this level. For-

mulas (1) and (2) are the standard radian-degree relationships and the exer-

cises are routine drill in going fram one to the other,

30 3r
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(s) 120°

(b) 30 P

(c) -120°

2. (m)
2

CO -3

(c)

2. 9x,

r2 9

2 (41)g 4
4. 2

2 = 3x square units2

Aranra Acareisas

(d) 210° (g) 480°

648(e) 3600 (h) 0
(f) 1,CP (i) 5850

8m
(d) (03

(e) (h)
12

(f) .21
12 (i)

"units".5. (a) Since 900 - 100 'units",
0

9

(b) Since

(c)

x
. 100 "units", 1 radian a M %nits".2 g

2r
= 4002 radians; hence a = 37-- 5Lnaits".r

4. Uniform Circular Motion.

This unit should be taught with care) since the material included will be

used in Section 8. In dealing with sin and cos as time fUnctions, we use

cut where 0.1 is the angular velocity, because this is the form in which it

appears in most scientific applications. Since up to this point ye have dealt

with fUnctions connected with an arc length x, you should spend a little time

familiarizing the.student with cut.

The device used in the text to visualize the behavior of a wave is only

one of several WhiCh you =Ay wish to try. Mbst currently available trigonom-

etry texts have some such approach to the problem, and you should supplement

the textual explanation with any other means you feel appropriate.

We Chose the acoustical xample to build upon since the addition of

pressures is intuitively simple.

When we use a graPh to enharzce the student's understanding of a function

which maps real numbers into real nuMbers, we give a true picture of the func-

tion only when we use the same scale on both axes. We have followed this

practice in most of the graphs of this section of the text. On the other hand,

it is sometimes desirable to distort the graph by using different scales in

order to show important details Which might otherwise be indistinct or con-
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fUsed, and When we graph an equation which dmscribes the relationship between

tuu physicel cointities, the question of equal scales may be meaningless. If

the pressure p at time t is given by an equation of the form

p P cos (t + a), we cannot use the same scale on the p-axis as on the t-axis

because there is no common measure for tine and pressure. Because this situa-

tion is one of common occurrence in applications of the circular fianctions, we

have not always insisted on the equal-scales principle. See) for example,

Figure 21 and many of the graphs in this section of the commentary.

Answers to Ekercises 4

1. See graph. (Note scales.)

The graph of p 3 .cos xt + 4 sin xt is periodic, with period 2, since

corresponding points on tilte graph are 2, 4, 6, .., 2n units apart when

measured along the t-axis. (Periods of 3 cos t and 4 sin nt same as

period of

(a)

2

(b)

3

0

-3

P.)

=2
1114B11111mimmill11111
mill11101111111111111111111111M

111111111MI3IIA

ICI or

-+ +---

ill

4101/1.

37

111111111
IIIIIIIMMI,

y imisin 2 t

41111111101111:111Ell

IMPiler A malls
II a611.1INa
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a
Me period is 7r.

The range is -2 < y < 2.

The period is n.

The range is -3 < y < 3.
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(c)
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The period is 2A.
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2

The perloa iz N. The range is -715 cz y .75 (found exactly by the meth-

oda of thc ,a1c1:1u1s or those of Section 8 or approximately by the graph).
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5. Vectors and Botatioos.

We Chose the vector approach to the addition formulas for two reaxons.

First, it should be a means of deriving these rela44.cnahips different ft= any

which the student has previously encountered. Second, it is an extremely-

simple and efficient means of obtaining these relationships. We do not, of

course, intend this to be a thorough treatment of vectors.

We anticipate that the idea of a rotation as a fUnction, and its effect on

a vector, will have to be explained very carefully. You should do a lot of

blackboard work htre, giving a variety of simple manipulative illustrations.

By using chalk of different &lora, you can probably improve on some of the

figures (such as Figure 26, for example) in the pamphlet. Show vectors rotated

in both directions; illustrate rotations followed by rotations; show the rota-

tions of the components of the vector as the vector rotates; in general, make

sure that the ideas involved and the symbolism expressing the ideas are clear.

Exercises 2

You may wish to devise additional drill exercises in the use of rotation.

EXercises 1, 2, 3, and 4 are cases in point and such problems are easy to make

up.

1.

2.

Answers to Exercises 2

(4)+ x

(a) 1-
(b.; Is (4)+ (40,

3. (a) = (ore+ (-1)-q--

(b) f(D) .1/

4. (a) f() (4)-17.4- (-22)7

(b) f(e) cirff (.7110

fro (-4)-17+ (457P

6.

icX X
and the result follows from (7).
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Let f correspond to a rotation x; and g; to a rotation y. Then x

and y are real nuebers; hence, y + x x + y; and the desired result

follows.

Geometrically; the result means that a rotation through arc x fol-

lowed by a rotation through arc y is equivalent to a rotation through

arc y followed by a rot4tion through arc x.

8. Since T. g(6);

f(-/) f(g(D)) = (fg)(5)

by the result of Exercise 7.

9. From Exercise 8, f(1) (gal))

g(176 +

. ug() +

vUuV -
7. -.

since g(U) = V and g(7) =

6. Addition Formulas for Sine and Cosine.

The derivation of cos (x + y) and sin (x + y) is usually accomplished

either by geometric considerations in the first quadrant (which then involve a

great deal of work to generalize), or by use of the distance formula. As

remarked before, we feel the vector approach to be new and instructive and, in

essence, simpler than either of the aforementioned. We include the page on the

relation to complex numbers to show gtill another means of deriving these for-

mulas.

Exercises 6

The exercises are, in general, identities; applications of the sum and

difference formulas. You may wish to illustrate a few samples on the black-

board before asking the students to work the exercises. EXercises 4, 5/ and 6

are important since the tangent function appears here for the first time and
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SOMO of its properties are investigated. You should be sure to cover these

exercises at some point in the work.

Answers to Exercises 6

1. (a) cos (S x) = cos 2:L. cos x + sin sin x
2

(b) sin

(c) cOs (x +

= 0 + sin x

= sin x

x) = sin cos x cos sin x
2 2

= cos x - 0

cos x

ST
cos x cos - sin x sin

2

0 - sin x

= -sin x

It

2

g n(d) sin (x + = sin x cos + cos x sin
2 2 2

= 0 + cos x

(e) cos (n x) = cos n cos x + sin g sin x

(-1)cos x + 0

= -COE X

(f) sin x) = sin g cos x - cos n sin x

0 - (-1)sin x

. sin x

(8) cos (43)1 = cos /11 cos x - sin '31
2

sin x

= 0 - (-1)sin x

- sin x

(h) sin
2

+ x) = sin cos x + cos sin x
2 2

= (-1)cos x + 0

(0 pin (.4- = sin .4. cos x cos sin

(--)(cos x + sin x);
2

Hence, Lin Ci

ST

cos .4 cos x + sin 4 sin x

(--)(cos x + sin x).
2

x) = coo x).



2. sin (x y) n sin

sin x cos (-y) + cos x sin (-y)

n sin x cos y 7 cos x sin y

*3. Pormula 10: cos (x - y) = cos x cos y + sin x sin y

To derive 7: cos (x Y) cos Cx - (-4

. cos x cos (-y) + sin x sin (-y)

n cos x cos y - sin x sin y

To derive 8: sin (X y) = CO5 - (X from Ekercise 1(a).

mg COB ((1 X) y)

cos (5- - x) cos y + sin (5- - x) sin y
2 2

Tb simplify cos ( - x) and sin (i - x), use Exercise 1(a).
2

cos (5- - x) sin x
2

sin (7i - x) = cos -2-

(n 2

n cos X.

Hence, cos cos y + sin (S x) sin y

becomes sin x cos y + cos x sin y.

Therefore, sin (x + y) . sin x cos y + cos x 5in y.

To derive 110 use 8 just obtained:

sin (x - y) sin (x +

sin x cos (-y) + cos x sin

n sin x cos y - cos x sin y.

(x ± + 2nx )
2

4. tan: x--0
sin x
cos x

(-y)

Tb prove that tan is periodic with period n, we must prove that

tan (x + x) n tan x.

From the definition, tan (x +

Now, t 2nx)

sin (±A
2

sin Cx + n
cos x + n

-sin x (from EXercises 20 9(s)
.-,COS X

= tan x.

+ 2nx)

Cos (+E + 2tait)
2

But the denominator of this fraction is zero and therefore the values of

tan + ann) are undefined.
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x ± sin x cos y ± cos x sin ytan (x t y) a
y cos x cos y4 sin x sin

Dividing numerator and denominator by cos x cos y,

sin x cos y ± cos x sin y
COB X cos y COB X COS y
cos x cos y gnxItal
cos x cos y cos x cos y

6. tan (x - x)

sin x
cos x cos y

sin x sin y
cos x cos y

tanxttan y
1 ; tan x tan y

tan x - tan x 0 - tan x=
1 + tan x tan x 1 0

-tan x

tan (x + x) tan x + tan x + tan x
. tan x

1 - tan x t a n x 1 - 0

tan (-x)
sin
COB

-sin x
COS X

a -tan x

7. sin 2x a sin (x + x) a sin x cos x + cos x sin x a 2 sin x cos x

cos 2x a cos (x + x) a cos x cos x - sin x sin x a cos
2
x - sin

2
x

tan 2x a tan (x + x)
tan x + tan x 2 tan x
1 - tan x tan x

1 - tan
2
x

8. sin 3x a sin (2x + x) . sin 2x cos x + cos 2x sin x
,

= 2 sin x cos
2
x + kcos

2
x - sin

2
x)sin x

3 sin x cos
2
x sin3x

9. cos 2x = 1 - 2 sin2x

Let x
2°

cos y = 1 - 2 sin
2z
2

sin2 X
2 2

sin = 241-=-FLX

10. cos 2x = 2 cos
2
x 1

Let x a .

cos y a 2 cos
2 z

- 1
2

cos
2 z 1 + cos y

a
2 2

Z a +4t77577.cos
2 2
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11. tan
2 Y 1 cos y

cos
2

sin
4,11(1r7,7772

NUltiply the right member by

cos y)2z .111(1 -

2
1 - cos

2
y

1:11(1 - cos yi
.2

sin
2
y

1 - cos
sin y

- cos y'

Note: The result given is correct

since tan Z and
1 - cos y

2 sin y
agree in

sign for all possible compinations of

sign of cos y and sin y.

kiltiply the right member by
111 + cos y 1

2
tan Z + t sin

2
y sin

2 li (1 + cos y)2 %(l+eosy)2
+ co s y

(See previous note.)

Alternatively,

tan
sin i 2 sin X cos X

2 2 sin y
2

cos Z 2 cos2
I + cos y

7. Construction and Use of Tables of Circular PlInctions.

Since thls material is largely in the nature of a review, you will prob-
n

ably not wish to spend much time on it. The table of decimal fractions of

will be new to the student, but we use it an we do any other table, and it

should cause no difficulty.

Answers to Exercises 2a,

1. Table I is not folded because the values of x are given in such a way

that they are not symmetrical about x = 0.785 For example,

cos 0.60 = sin - 0.60).

Since we are usinz radian measure, S is irrational, and hence we would

have to use an irrational interval (as is done in Table II) to get a

symmetric table.

cos 0.60 sin (1.57 - 0.60)

sin 0.97.

From the table, cos 0460 = 0.8253 and sin 0.97 = 0.8249. The values
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of cos 0.60 and sin 0.97 would have to be the same if the table could

be folded.

2. (a)

(b)

(c)
(a)

sin 0.73 sit 0.6669, cos 0.73 m 0.7452

min (-5.17)

cos (-5.17) 2, cos 1.11 0.4447

sin 1.55 m 0.9998, cos 1.55 m 0.0208

sin 6.97 ig sin (6.97 - 2x) m sin 0.69 m 0.6365

cos 6.97 m cos 0.69 m 0.7712

la sin (-5.17 + 2x) m sin 1.11 m 0.5957

sin x m 0.1099,

cos x m 0.9131,

sin x m 0.6495,

cos x m 0.5403,

Note: Hereafter we use 11

.

X m 0.11

x m 0.42

x = 0.71

x m 1.00

for

4. (a) sin 0.31(c) 0.468,

(b) sin 0.79(S) 0.946,

(c) sin 0.62(34) = 0.827/

(d) sin 0.71* = 0.898,

6. (a)

(b)

(c)

(d.)

7. (a)

(b)

(c)

(a)

11 11

cos 0.31(5) - 0.884
2

con 0.79(1) = 0.324
2

cos 0.62(21) . 0.562
2

cos 0.71(1) 0.440
2

sin at = 0.827, t - 0.62

cos at = 0.9052 t = 0.28

sin cut ,= 0.475, t 0.315

at . 0.795, t 0.415

sin

sin

sin

sin

450 - 0.707,

730 . 0.956,

36.20 - 0.591,

81.50 - 0.989,

cos 45° =

73° -

cos 36.2°

cos 81.5°

con

sin x = 0.629) x = 39°

cos X 0.991, x = 7.7°

sin x = 0.621, x = 38.4°

cos x = 0.895, x = 26.5°

0.707

0.292

- 0.807

= 0.148
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Amsvers to Ekercises 2

1. sin 1.73 = sin (x - 1.73) = sin 1.41 . 0.9871 (Table 1)

2. cos 1.30 . -cos (1.3x - x) . -cos 0.3x . -cos 0.60* = -0.588 (Table II)

3. sin (-.37) = -sin .37 - -0.3616 (7able I)

4. sin (-.37x) . -sin .74() = -0.918 (Table II)

5. cos 2.8x . cos (2.8x - 2x) = cos 0.6x n -cos (x - 0.8) . -cos 0.2x

-cos 0.4(i) . -0.809 (Table II)

6. cos 1.8x . cos (2* - 1.8) . cos 0.2* . 0.809 (from Exercise 5)

7. cos 3.71 . -cos (3.71 - x) -cos 0.57 . -0.8419 (Table I)

8. sin 135° . sin (180P - 135°) . sin 45° 0.707 (Tible III)

9. cos (-135°) = -cos (180P - 135°) = -cos 450 :40.7a7 (Table III)

10. sin 327° . -sin (3609 - 3270) . -sin 33° . -0.545 (Table III)

11. cos (-327°) = cos (360° - 327°) = cos 330 - 0.839 (Table III)

12. cos 12.4x . cos (12.4x - 12*) cos 0.4x . cos 0.8() = 0.309 (Thble II)

13. sin 12.4 -sin (4x - 12.4) . -sin 0.16 . -0.1593 (Table I)

*14. cos (sin .3x) . cos (sin 0.6(i)) . cos 0.809 (Table II)

; 0.6902 (Thble I)

*15. sin (sin .7) . sin 0.6442 = 0.6005 (Ihble I)

8. Ftme Waves: Frequency, Amplitude, and Phase.

We chose cos as our standard wave because its first peak occurs at 0.

Since we axe using peaks to discuss phase) cos serves better than sin which

peeks first at The phase a is often called a im (a > 0) or a lead

(a < 0); if a . 0, the wave is in ;base with the standard. By using

0 : a < 2*, we avoid all mention of a wave "leading". This is a departure from

the conventional, in that most sciences which have occasion to discuss lead or

lag use both. You may wish to explore this idea by examining with the class

the effect of using -x s a < x, and Show that a < 0 represents a lead in the

sense that a > 0 represents a lag.

Note that a is not, in general, the abscissa of the first maxi:num. In

fact, A cos (cut - a) (A > 0) reaches a peak when ut - = 0 or t

hence, the abscissa of the first maximum is t.
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Answers to Exercises 8

1. Sincs p su 5 cos (xt - 0.927),

p 0 if xt - 0.927 is S- or .

Hence,

Since

2. (&)

2

(b)

0.927 1
t m

2
or 0.927 +

x 2'

01927
m 0.29, t m 0.79 or 1.79.
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Period
3

Phase 0.
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Anp1itude - 2, Period = Phase 0.
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.
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3.

(f)

5

-5

. ..r
I

a

II
111111

III4 ie

L1
Amplitude

2n lln lin
Period - -- Phase =

3

y A cos (ut - a) = A cos wt cosa+ A sin cet sin a

y = 4 sin nt - 3 cos nt

A sin a , 4, A cos a , -3

A2(zin2a cos2) - 16 9

A- = 250 A = 5
4

sin a - cos a =
5

a - 0.927 ;=,- 2.215

Answer: y = 5 cos - 2.215)

(b) y = -4 sin gt + 3 cos nt

A zin a = -4, A cos a - j, A 5.

4
sin a - cos a = 1

5 5

a 2x - 0.927 5.357

Answer: y = 5 cos (nt - 5.357)

(c) y -4 sin nt - 3 cos nt
4

A - 50 sin a - cos a -
55

a = n 4- 0.927 4.069

Answer: y = 5 cos (nt - 4.069)

(d) y = 3 sin nt + 4 cos gt

A - 5, zin /
5'

cos a -

a = 0.644

Answer: y 5 cos (nt - 0.644)
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( ) y . 3 sin at - 4 cos xt
4

A = 5, sin a = cos a
-5

a x - 0.644 m 2.498

Answer: y = 5 cos

4. A
2

B
2

+ C
2

sin a = cosA0

(ct - 2.498)

Although the directions in this problem do

not ask for the values of t at idaidh the

maxima and minima occur, they have been

included in these solutions in case the

question arises.

(a)
4A = 5, sin a =

'
cos a = 5, a m 0.644.

5

Bence, 3 sin 21 + 4 cos 2t 5 cos (2t - 0.644).

Maximum value, 5, occurs when cos (2t - 0.644) = 1, or

2t - 0.644 = 0, t = 0.322.

Minimum value, -5, occurs When cos (2t - 0.644) = -1, or

2t - 0.644 = t 1.893.
2a 2aThe period = = = a.
a) 2

Hence, MAXIM= values occur at t IL, 0.322 + na and minimum values

at t 1.893 + mt.

2(b) A s= 4-7797 i13, sin a =

a as - 0,589 m 2.553.

Bence, 2 sin 3t 3 cos 3t = 473 cos (3t - 2.553).
2n

The period .., T. Maximum values, VT5, occur When

- 2.553 0 + 2tx, t 0.051 4'
3

a -
113

Minimum values, 41-3.1 occur when

3t - 2.553 . g aut, t 1.898 + 31321.

(c)
1Lt

A . 11-7-1 . .,/, sin a . 4, ens a a .
1

Ya 7;
Hence, -sin (t) 4. cos () . V17 cos

t 2t).
2

The period Il 4a. Maxim= values, 115, occur when

7
t 4

t , ... la. 0 2tx, 4nx2
+

2

Minimum values, -fi, occur when
t 11

= x + 2ng, t . + 4nx.
2 2
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A cos (at - + B cos (at - a)

. A cos ut cos a + A sin cut sin a + B cos at cos + B sin at sin 0

(A cos + B cos Ocos cot + (A sin + B sin Osin cot

C cos (at - 1") when

C sin + B sin 02 + (A cos a + B cos 0)2 ,

A sin a + B A cos B cos5sin 7 . and cos =

Since A, B, o4 and art real tudbers, it follows that C is a real

nuMber, and it is easy to Show that

0 < sin2y < 1, 0 < coma), < 1, siJy + coAe . 1

and therefore 7 is a real nuther.

6. (a) From the solution in the text,
0.227

So t m 0.295 ± 0.333 + 2h.

The smallest positive value of t

t 0.295 4. 0.333 = 0.628.

(13) 3 cos xt + 4 sin nt 5

5 cos (xt - 0.927) = 5

cos (tt - 0.927) 1

(c)

+ 2n.

This is satisfied when the argument of the cosine is 0 + 2nn.

Therefore, nt - 0.927 2nn,

or t 0%227 + 2n 0.295 + 2n.

The smallest positive value of t is

t 0.295.

sin 2t - cos 2t = 1

17 cos (2t - - 1

cos (2t - ,f) - 7

This is satisfied when the argument of the cosine is t-4. 2an.

Therefore, 2t = ± + 2ng,

or t.fti+nn.

The smallest positive value of t is

I . 7.
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(d) 4 cos xt - 3 sin xt = 0

5 cos (ct - 5.640) .

cos (xt - 5.640) . 0

(e)

X
This is satisfied when the argumeLt of the cosine is ± + 2nx.2

Therefore, xt 5.640 = *21 + 2nx:

or t m '64°, + + 2n * 1.795 t 0.5 + 2n.
x 2

The smallest positive value of t is

t 1.795 + 0.5 - 2 * 0.295.

4 cos xt + 3 sen xt = 1

5 cos (xt 0.644) . 1

cos (xt 0.644) = 0.2

This is satisfied when the argument of the cosine is approximately

1:1.369 + 2tx (from Table 1).

Therefore, gt - 0.644 m t1.369 + 2ng,

0.644 t 1.369
2n.or t *

The anallest positive value of t is

0.644 + 149
t 0 0.641.

7. Given y = B cos (pt - 0).

We may clearly assume that 0 < p < 2x.

1. If 4 and B are positive, we set p=cn B = A, = a.

2. If p is positive and B is negative, set p =04 B = -A.

Then y u 4cos (cnt p)) - A cos ((it - p t n).

If 0 < < n: take

If

3. If p is negative, set = -co.

Then y B cos (-wt - 0) = B cos (ut 4' 0

B cos (xt - (2h - 0))

B cos (ost -

Proceed as in 1 and 2.
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9., Analysis of General Waves.

The purpose of this section is to provide the student with some idea of

the power of simple circular functions, and to show how they can be used to

approximate much more complex periodic functions. We do not intend that the

student use Iburier's Theorem, but only that he understand What it says, and

what it,implies.

Answers to Exercises 2

1. (a)

(b)

(e)
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moms Alsomom nom
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2. (a) 2X, IC: 2!7, OS*

(b) The cosine terms; also the terms Bn sin nx, n ever.

(In our case, a = 2x.) The fnetion being represented haa the prop-

erty that f(-x) = -f(x) (odd function). This property holds for

sin nx but not cos nx. Nbreover, f(x) has the property that

f(x - x) f(x). This property does not hold for sin 2kx, k inte-

gral, since sin 2k(x x) = -sin 2kx. It does hold for

sin (2k + 1)x.

Illustrative Test questions

1. Determine whether each of the following fUnetions is periodic and, if so,

find the fUndamental period:

(a) y = icos 2xl; (b) y = sin 3x cos 3x.

2. Given that f: x f(x) is periodic with fundamental period t and

given that f(t) = 2, f(2) 4' 5, and f0i) 3, find

(a) f(0); (b) f(4); (c) f(i).

3. Sketch two complete cycles of the graph of y = 2 sin 3x.

4. Change from radians to degrees:

( a) 1721 " (b)12' 15

5. Change from degrees to radians:

(a) 165°; (b) 2°.

6. What is the radius of a circle in which a sector of area 6 has a peri-

meter 102 (two solutions)

7. Sketch the graph of y sin x - 11:3- cos x over a complete cycle, indi-

cating both the fundamental period and the amplitude.

8. Express sin (x + 2y) in terms of sin x, sin y, cos x, cos y.

9. Express the following in the form tsin x or ±cos x:

(a) sin (x + (c) sin (-3x - x);

(b) cos (if - x); - (d) cos (x + 5x).

10. Show that

(sin x + sin 2x )(sin x)(1 - 2 cos x) = (cos x + cos 2x)(cos 2x - cos x)

holds for all real values of x.



11, Given sin 270 = 0.4,40 and sin 280 0.4655, interpolate to find

(&) sin 27.4Q;

(b) the angle between 270 and 280 Whose sine is 0.4664.

12. Given the Zonation xP -3 sin (2x + 5), find the points on the graph with

smallest positive x far which

(a) the function h&c the value zero;

(b) the function has a maximum value;

(c) the function has a minimum value.

*13. If a, bs c are constants; find A and B suCh that

sin (x + c) = A sin (x + a) + B sin (3 + b) holds for all values of x.

(You may assume that sin (a - b) 0.)

Answers to Illustrative Test Questions

1. (a) cos 2(x + I) . cos (2x + n) = -cos 2x
2

Hence, Icos 2(x + i)I Icos 2xI and the period is S..

1 1(b) sin 3x cos 3x . sin 6x .1E sin (6x + 2g) = sin 6(x +

and the period is 7.

2. (a)

(b) f(-i) f(-134: - 4 . f(*) = 3

(c) f(i) f(t) = 2

3,

11011M11111111111111WilliMIIMIIIIII
IIIIIMI11111111.1111111M111101111111111111E
Mr/111111111MINIUMIIIIIAM1111
1111/1111111111111M111111111111111111EM=11111
110111111.1111111111111111 1111111M11111
111111111=1.10111111N 1111111111111111V4

11111111111111111=1111111111M111111.111111111111

fal .180° c50
' 12 lc

5. (a) 165° ---5
180°

113t

12

2 18C° 24°
(b) 1-5

(b) 2°. x

180° 9°
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If the radius is r and the arc es then

21rs = 6; 2r + s = 10; r(10 - 2r) = 6;
2 2

5r r
2

= 6; r
2

- 5r + 6 . 0; (r - 3)(r - 2) = 0 r = 3 or 2.

7. Note that y = sin x - 17 cos x . 2 sin (x - 1) for all x.
3

11111M1011111 OO

11111111/111111Mpill

IIVA
11111111Muminumme uti

En111111111WEN
IllmillIONWANII

111M111111111111MIEWANE

111111111111111111111111MUMEM

fund. parieds2

amplitude., 2

8. sin x + 4y) = sin x cos 2y + cos x sin 2y

= sin x cos
2
y - sin

2
y) + cos x .2 sin y cos y

= sin x cos
2
y - sin x sin

2
y + 2 sin y cos x cos y

or sin x - 2 sin x sin
2
y + 2 sin y cos x cos y

9. (a) -cos x

(b) sin x

(c) sin x

(d) -cos x

10. (sin x + sin 2x)(sin x)(1 - 2 cos x) (cos x + cos 2x)(cos 2x - cos x)

= (sin x + sin 2x)(sin x 2 sin x cos x)

(sin x + sin 2x)(sin x - sin 2x)

= si2x 2
- sinn 2x

= 1 - cos
2
x - (1 - cos

2
2x)

= cos
2
2x - cos2X

= (cos 2x + cos x)(cos 2x - cos x

11. (a) sin 28° - 0.4695

sin 27° 0.4540
0.0155

.4

.00620

.ti"
sin 27.4° 02

(b) .4664
.4540 .0124
.0124

73E55 - 0.8

sin 27.8° - 0.4664
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K.
-3 ai n ( 21 4- . 0

3

ax + .3 Cy Xy

2g 4n

3 '
A X 2gX11 ..Zy

Answer: 7

e

(b) -3 sin (2X + ;1) - 3
3

sin (2x +1) - -1
3

A

2x

x 11-T12' -12'

21Answer:
12

(c) -3 sin (2x + -3

sin (2x +11)
3

It St 3.1.1

g IIA
2x

A 11A
x 123 2

Answer:
12

*13. If x = -a, we have

sin (c - a) = A sin 0 + B sin (b

sin c - a sin a - cB
sin b - aj sin ta - b

If x -b, we have

sin (c b) - A sin (a - b) + B sin 0

A sin sin
sin sin

53
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